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I 
Letf denote a real valued Lebesgue integrable function on a nondegenerate 
compact real interval I, [a, b]. For n, a fixed nonnegative integer, let P, 
denote the real polynomials of degree n or less. If  4 E P, is such that 
(where p is Lebesgue measure) we call q a best approximate tof. 
I f f  is continuous, q is known to be unique. In [3] Rivlin and Kripke show 
that q is unique when f has certain types of discontinuities. If  however f has a 
jump discontinuity, q may or may not be unique. In this note we first develop 
a sufficient condition that q be unique when f has a single discontinuity and 
is continuous elsewhere on I. 
When f possesses more than one discontinuity, it is seen that the above 
sufficient condition is not applicable. However, the techniques, used to 
arrive at this sufficient condition, are applicable to the study of piecewise 
polynomial approximation with interpolation constraints, as already studied 
in the L, case in [I and 41. These techniques are used to develop a sufficient 
condition that the best piecewise polynomial approximation with interpola- 
tion constraints to f be unique, when f has a finite number of discontinuities 
and is continuous elsewhere on I. 
II 
In order to prove the main theorem of this section, Theorem 2.1, we make 
two definitions and present two lemmas. 
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DEFINITION. We say x0 , interior to I, is a crossing of a real valued func- 
tion, f,  defined on I if f(x) (x - x0) is either everywhere nonnegative or 
everywhere nonpositive in some neighborhood of x,, . 
DEFINITION. Let m be a fixed nonnegative integer. Let 
T = Go, a, >..., a, > a,,,) 
such that ai < aifl , i = 0, I ,..., m, and a, = a, a,,, = b. Let 
i 
+I x E (4 > %+I), i odd, 
r(x) = 0 
! 
x = ui , 
-1 x E (ai , %+A i even. 
Let 4$(x), i = 1, 2 ,..., n, n 3 m be real-valued Lebesgue integrable functions 
on I and let M be the linear span of the 4i’s, i = 1,2,..., n. We say that T 
forms a set of canonical points for M on I if 
s &r dt( = 0, i = I , 2, . ..) n. I 
As noted in [2] the span of every- set of n real-valued Lebesgue integrable 
functions has a set of canonical points. Further, there are n + 1 unique 
interior points in the set of canonical points for P, . 
The following characterization lemma appears as a special case of Theo- 
rem 1.3 [3]. 
LEMMA 2. I. Let f  be a real-valued Lebesgue integrable function on I and 
let q E P, be such that f  - q has only a finite number of zeros on I. Then 
;f and only ;f  
s Pw(f - 4)h =O I 
for allp E P, . 
(In the following f  is assumed Lebesgue integrable.) 
LEMMA 2.2. Let f  be a real valued function of I continuous everywhere 
except possibly at x E I. Let Y be the set of interior canonical points for P, and 
let .F $ Y. Let q E P, be such that 
Then f  - q has at least n + 1 zeros on (a, b) - {a}. 
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Proof. Assume the lemma is not true. Then f  - q has exactly k zeros in 
(a, b) - {%}, 0 < k < 71 + 1. By Lemma 2.1 
s 1 sgn(f - q) dp = 0. I 
Thus f  - q has at least one crossing in I. Let x1 < x2 < ... < X, be the 
crossings off - q. Then, since 
I 
,(x-XJ(X-xX2).*.(x-xXm)sgn(f-q)dp#O, m>nbyLemma2.1. 
If i # xi for all i, 1 < i < m, since f  - q is continuous everywhere except 
possibly at g, f  - q must be zero at all the xi’s. If 3 = xi for some i, 
1 <i<m,thenm>n+l,since 
s psgn(f-q)dp=O forpE P, I 
and since f $ Y. But, as above, f  - q must be zero at at least m - 1 of the 
xi’s. Thus in either case f  - q must have at least n + 1 zeros which contra- 
dicts the assumption 0 < k < n. 
THEOREM 2.1. Let f  be a real valued function on I continuous everywhere 
except possibly at % E I. Let Y be the set of interior canonical points for P, and 
x $ Y. Let q and Q belong to P, be such that 
then q = q. 
Proof. An application of the triangle inequality shows that 
s I 
Thus, 
s ,(lf - 
which implies that 
/f-4(4+9)1 =$lf--nl+ilf--41 on I - (x). 
By Lemma 2.2 (applied to the polynomial 8 (q + q))f - $ (q + q) has at 
leastn+l zeroson(a,b)-{x}whichmeansthat+jf-ql++lf-~l 
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has at least n + 1 zeros on (a, 6) - {f). Thus Q = p at at least n + 1 points 
on (a, b) - {g}, and we are through. 
One might conjecture that one would have similar results forf(x) possessing 
two or more discontinuities however as the following exemple shows this is 
not the case. 
EXAMPLE. Let xi = cos(k-/5), i = I, 2, 3,4, and let 01 be a real number 
greater than zero and less than I. Let 
and let 
p(x) = a(x - cos( k-/5)) (x - cos(47+)) 
f(x) = -1:: 
/ 
-J < x < cos(2n/5) 
cos(2nj5) < x < cos(345) 
0, cos(37r/5) < x ,( 1. 
Then sgn(f - fi) changes sign at the xi’s, i = 1, 2, 3, 4, and only the xi’s, 
which implies that 
s 
’ I *sgn(f-p)dx =0 
-1 
s 
1 
x*sgn(f--$~)dx=O 
-1 
s 
’ x2 sgn(f - p) dx = 0, 
-1 
since the xi’s are the canonical points for P3. Thus, the polynomials 
(Y(X - 2rr/5) (x - cos (21~/5)), 0 < (Y < I, are best approximates to f from 
Pz , and the discontinuities off do not occur at the canonical points for Pz . 
Also the set of points {xi , x,,x,,x,}C(-1, 1) such that 
I ’ p(x) sgn(r(x)) dx = 0, PEP,, -1 
where r(x) changes sign at only the xi’s, i = 1, 2, 3,4, is not unique [5, 
p. 1121. Thus many functions, f, can be constructed as above, such that f 
has two discontinuities which are not at the canonical points of P2 , and still, 
the best approximate to f from P2 is not unique. 
III 
Let k be a fixed positive integer and let yr , y2 ,..., yk E I such that 
a =y(j <y1 <y2 < ... <yk+l = b. 
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Let r be a nonnegative integer and let f  be a real valued Lebesgue integrable 
function such that fr(yi) exists, i = 0, 1, 2,..., k + 1, where f’ is the rth 
derivative of f. Let n > 2d + 1 and 0 < d < r, and denote by 
&,f,d(Yl P Y2 7..., yk) the set of continuous real-valued functions, s(x), on I 
such that s E P, on 
[Yi 9 Yi+J, i = 0, 1) 2 ,..., k, 
STYi) = f ‘(Yi), i = 0, l,..., k + 1, j = 0, 1 ,..., d. 
It is the purpose of this section to develop a sufficient condition similar to 
that in Theorem 2.1 that there exists at most one s E Sn,f,d(yl ,y2 ,...,yJ 
where 
for f(x) a real-valued Lebesgue integrable function on I. 
DEFINITION. Let c and e be real numbers such that a < c < e < b and 
let r be a nonnegative integer. Let f be a real valued function on I such that f T 
exists at c and e. We define p(x) to belong to PL,,[c, e] if P(X) belongs to P, 
such thatpj(c) = f j(c) andpj(e) = f i(e),j = 0, I,..., d, where 0 < d < r and 
n>2d+ 1. 
First consider the problem of minimizing 
and g(x) a real-valued Lebesgue integrable function on 1. 
Remark. The dimension of Pz,,[c, e] is n - 2d - 1 on (c, e). Thus, we 
will consider Pz,,[c, e] to be the span of 71 - 2d - I functions. 
The following lemmas appear as special cases of Theorem 1.3 and Theo- 
rem 2.8 [3]. 
LEMMA 3.1. Let g be a real valued Lebesgue integrable function on [c, e] and 
let q E Pz,,[c, e] such that f - q has only aJinite number of zeros. Then 
if and only if 
s ‘Pw(f--d&=0 for all p E Pz,d[c, e]. c 
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LEMMA 3.2. Let g be a real valued continuous function on [c, e]. Let q and 
4 belong to Pz,,[c, e] such that 
Then q = S. 
Now we are led to the following theorem regarding the canonical points of 
P,“,,[c, e], whose proof is included for completeness. 
THEOREM 3.1. Let X be a set of interior canonical points on [c, e] for 
Pz,Jc, e]. Then X contains n - 2d - I distinct points and is unique. 
Proof. Let X = {x1 ,..., x,}, c < x1 < x2 < ... < x, < e where 
m~n-2d-l.Letx=m+2d+2,thenx~n+l.Let~~P~,,[c,e] 
such that p(q) = 0, i = 1, 2 ,..., m. Since the dimension of Pz,Jc, e] is 
m + I, the q’s, i = 1, 2 ,..., m, must be the only zeros of p on (c, e), and they 
must be crossings [5, p. 571. Then 
s- or dtL f  0, I 
where 
1 
+1, x E (Xi > %+A 
r(x) = 0, x = xi ) 
-1, x E (Xi , “%+1), i even, x0 = c, x,+l = e. 
Thus z = n + I for X to be a set of interior canonical points for Pi,,[c, e], 
which implies that m = n - 2d - 1. 
Assume X = (x1 ,..., x,-~~-~} and Y = {yl ,..., yn-zd-l} are sets of interior 
canonical points for Pz,,[c, e]. Let s E PO n+l,d[~, e] such that s(q) = 0, 
i = 1, 2,..., n - 2d - 1. Since the dimension of P~+,,,[c, e] is n - 2d, the 
xi’s, i = 1, 2 ,..., n - 2d - 1, must be the only zeros of s on (c, e), and they 
must be crossings. Then by Lemma 3.1 q(x) = 0 is such that 
s C’Is-qldp= inf s’Is--PI&. PCPZ ,k,el e 
Now, let p E Pz,Jc, e] such that q interpolates s on Y. Since 4 and s belong to 
Pz+,,,[c, e], q - s must be zero on (c, e) only at they,‘s i = 1,2 ,..., n - 2d - 1, 
and these points must be crossings; thus, 
f  ww - P(x)) 
+1, x E (Yi 7 Yi+A i even, 
0, x=yi, 
-1, x 6 (Yi ? Yi+*), i odd, y. = c, yn-2d = e. 
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Then by Lemma 3.1 q(x) is such that 
Hence, by Lemma 3.2, q = 4 which implies that X = Y. 
Since the proofs of the following lemma and theorem are the same as 
those of Lemma 2.2 and Theorem 2.1, they are omitted. 
LEMMA 3.3. Let g be a real valued Lebesgue integrable function on [c, e] 
such that gr exists and g is continuous everywhere except possibly at XE (c, e). 
Let X be the set of interior canonical points for Pz,,[c, e] and x # X. Let 
q E Pz,,[c, e] such that 
s ’ c I g - q I dp = pEpF& el jr; I g - q I 4. 
Then g - q has at least n - 2d - 1 zeros on (c, e) - {x}. 
THEOREM 3.2. Let g be a real valued Lebesgue integrable function on [c, e] 
such that gr exists and g is continuous everywhere except possibly at XE (c, e). 
Let X be the set of interior canonical points for Pz,,[c, e] and x $X. Let 
q, q~ PA,,[c, e] such that 
j’lg-q~dp=j’lg-qldp-~E,@~celjcelg-P~d~~ 
E c n.li ’ 
Then q = q. 
COROLLARY 3.1. Let f  be a real-valued Lebesgue integrable function on 
[c, e] such that f  r exists andf is continuous everywhere except possibly at x E (c, e). 
Let X be the set of interior canonical points for Pz,,[c, e] and 5 $ X. Let 
q, q~ PL,,[c, e] such that 
j'lf-qldp- jelf-41d~=p~p~~ce1 j)f-PI+ 
c e 
Then q = q. 
Proof. Fix t, , t, ,..., tn--2d--l such that c < t, < t, < .‘. < tn--$d--l < e. 
Letpbe that member of Pd,,[c, e] such that p(tJ = 0, i = 1, 2,..., n - 2d - 1. 
Then 
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where g(x) =f(x) - j(x). Let q, q E PL’,,[c, e] such that 
By Theorem 3.2 q(ti) = p(tJ, i = 1, 2 ,..., n - 2d - 1. Further 
qj(c) = qj(c) =.fj(c) and qj(e) = (rj(e) =fj(e), j = 0, l,..., d, 
therefore q + 9. 
Now we are ready for our main theorem. 
THEOREM 3.3. Let k be a $xed positive integer and let f  be a real-valued 
Lebesgue integrable function on I such that f r exists andf is continuous everywhere 
except possibly at a finite number of points x1 , x2 ,. .., xk E I, 
Let ci be a real number such that ci > 0 and xi + ci < xi+1 , i = 1, 2,..., k. 
Further let the E’S be chosen such that xi is not a canonical point for 
Pz,d[~i-l + ciel , xi + •~1 on [ximl + ciel , xi + ~1, i = 2, 3 ,..., k, OY for 
Pz,,[a, x1 + Q] on [a, x1 + CJ and let t and t belong to 
such that 
Then t = t. 
Proof. Let t and t belong to S,,,,,(x, + q , x2 + c2 ,..., xk + l 3 such 
that 
then 
Ii = [Xi + Ei, xi+1 + %+I19 i = 1, 2 ,..., k - 1, 
zzz inf 
, s PEP; piI 
If-PIdp, i = 1, 2 ,..., k - 1, 
Ii 
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and 
Thus, by Corollary 3.1, t = t. 
Remark. Since in Corollary 3.1, d and Y are arbitrary nonnegative integers, 
d < r, in the above theorem we could vary the value of d and r from interval 
to interval, and if the X’S are still not canonical points, the uniqueness result 
would still hold. 
IV 
In this section we state without proof extensions of the main theorems. 
If  instead of using polynomials as the approximating family one uses linear 
combinations of a Haar system then one can prove analogues of Theorem 2.1 
and Theorem 3.3. Recall that a set of continuous real-valued functions 
fl ,fL? ,...,fm 3 m a fixed positive integer, defined on I is a Harr system if 
every nontrivial linear combination of fi , fi ,...,fm vanishes at at most m - I 
points of I (We will restrict m > 3 in this section.). 
THEOREM 4.1. Let f  be a real-valued function of I continuous everywhere 
on I except possibly at x E I. Let V be the linear span of fi , fi ,..., fnl , a Haar 
system. Let x not be a canonical point of V and let w and w beZong to V such that 
Then w = W. (Above, we assume J1 /f 1 dp < 00). 
Remark. If  V, the linear span of fi , f2 ,..., fm , is a Haar system, it is 
noted in [2] that there are m unique interior canonical points for V. 
Let r and d be nonnegative integers, d < r. Let V be the linear span of 
fi , fi ,...,, fm , a Haar system, where fij, f2f,j ,..., fmi exists on I, and m > 2d + 2, 
0 < j < d. Let k be a fixed positive integer and let yi , yz ,..., yk E I such that 
azyO <Yl<YZ < ." <Yk <Yk+l= b. Let f  be a real-valued Lebesgue 
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integrable function such that f’(yi) exists, i = 0, 1, 2,..., k + 1. Denote by 
Vf,d(YI > Y2 ,..-* yk) the set of real-valued functions, V(X), on I such that 
v  E V on [yi ,yi+l], i = 0, I, 2 ,..., k, vj(yi) =fj(yi), i = 0, 1, 2 ,..., k + 1, 
j = 0, 1) 2 )..., d. 
THEOREM 4.2. Let k be a jixed positive integer and let f be a real valued 
Lebesgue integrable function on I such that f’ exists and f  is continuous except 
possibly at a finite number of points, x1 , x2 ,..., xii E I, 
a = x0 < x1 < ... < xlcfl = 6. 
Let E$ be a real number such that <i > 0 and xi + ci < xi+1 , i = 1, 2,..., k. 
Further let the Q’S be chosen such that xi is not a canonical point on 
[xiel + eiel , xi + Q] for that subset of V which is zero and has its Jirst d 
derivatives zero at xi--l + ci--l and xi + ci , i = 2, 3 ,..., k, or for that subset 
of V which is zero and has its Jirst d derivatives zero at a and x1 + e1 
on [a, x1 + Q]. Let w and w belong to Vf,d(~l + l 1 , x2 + e2 ,..., xK + Ed) such 
that 
Then w = W. 
Remark. Just as in Theorem 3.1 one can show that the set of interior 
canonical points on [c, d], a < c < d < b, for that subset of V which vanishes 
and has its first d derivatives zero at c and d contains m - 2d - 2 points and 
is unique. Further one can vary the value of Y and d from interval to interval 
and still preserve the uniqueness in Theorem 4.2. 
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